In modern macroeconomic data sets, the number of available variables can greatly exceed the number of observations. In this paper we show how valid confidence intervals can be constructed for all coefficients by approximating the inverse covariance matrix by a scaled Moore-Penrose pseudoinverse, and then applying the lasso to perform a bias correction. In addition, we propose random least squares, a new regularization technique which yields narrower confidence intervals with the same theoretical validity. Random least squares estimates the inverse covariance matrix using multiple low-dimensional projections of the data. This is shown to be equivalent to a generalized form of ridge regularization. The methods are illustrated in Monte Carlo experiments and an empirical example using the quarterly data from the FRED-QD database, where gross domestic product is explained by a large number of macroeconomic and financial indicators.
Introduction
The increase in available macroeconomic indicators has led to a statistically challenging situation where the number of explanatory variables often exceeds the number of available observations. This is commonly observed in crosssectional datasets on economic growth such as Barro and Lee (1993) ; Sala-i Martin (1997) ; Fernandez et al. (2001) , but also in macroeconomic time series data with a low measurement frequency as in Stock and Watson (2002) and McCracken and Ng (2016) . Standard inference techniques are hampered by the resulting rank deficiency of the empirical covariance matrix. Hence, new methods are needed to handle this type of 'wide' data.
This paper deals with the estimation of coefficients and the construction of the corresponding confidence intervals in high-dimensional linear regression models, where the number of unknown coefficients are allowed to increase almost exponentially with the number of observations. There are two key ingredients to our approach: (1) We approximate the inverse covariance matrix by a diagonally scaled Moore-Penrose pseudo-inverse or a regularized variant, and (2) a bias correction step is implemented based on the lasso.
After establishing the validity for the method when using the MoorePenrose inverse, we show how regularization of this inverse can reduce the size of the confidence intervals. We use a novel approach to regularization, where the regressor matrix is projected multiple times onto a low-dimensional subspace by post-multiplying with a random matrix with independent standard normal entries. The estimates of the inverse covariance matrix in the low-dimensional subspaces are aggregated to yield an estimate of the inverse covariance matrix. We show that this approach is equivalent to a specific type of generalized ridge regularization and yields valid confidence intervals when the projection dimension is chosen sufficiently close to the sample size.
An alternative regularization strategy is offered the commonly used ridge estimator, which adds a constant diagonal matrix to the covariance matrix before inverting. With an appropriately chosen penalty parameter, this again leads to valid confidence intervals.
There are several estimators available which can deal with high-dimensional wide data sets. Among the most well-known methods are the lasso estimator (Tibshirani, 1996) , the adaptive lasso estimator (Zou, 2006) , the Dantzig selector (Candes and Tao, 2007) , and penalized likelihood methods (Fan et al., 2004) . A comprehensive overview of theoretical results is provided by Bühlmann and Van De Geer (2011) . The construction of standard errors around the resulting estimates remains challenging.
There are broadly two different approaches in the literature to constructing confidence intervals for a high-dimensional linear regression model. The first one is based on inference regarding a low-dimensional set of parameters following model selection or regularization among the high-dimensional set of all available regressors (Belloni and Chernozhukov, 2009; Belloni et al., 2011; Chernozhukov et al., 2015) . The two-stage procedure consists of, for instance, a lasso type estimator as first stage, and ordinary least squares estimation on the maintained variables in the second stage. These post-model selection estimators only provide confidence intervals for coefficients corresponding to the regressors which are included in the low-dimensional model, but do not yield an uncertainty measure for the majority of the coefficients.
The second approach, related to the approach we take in this paper, provides confidence intervals for all estimated coefficients. These estimators are based on various ways to construct an approximate inverse for the empirical covariance matrix and an ex-post bias correction. Javanmard and Montanari (2014) propose an optimization procedure that yields a sufficiently accurate approximate covariance inverse such that the resulting estimator is approximately normal and unbiased. Under slightly stricter assumptions Van de Geer et al. (2014) propose an estimator with the same theoretical validity based on the group-wise lasso, which parallels Zhang and Zhang (2014) . Both estimators are computationally quite intensive, especially in the large-scale applications that they are intended for.
We contribute to the literature in a number of ways. First, we show that approximating the inverse of the empirical covariance matrix with a diagonally scaled Moore-Penrose inverse results in an estimator that is approximately normally distributed. The corresponding confidence intervals of this estimator are valid under standard conditions on the regressor matrix and a sparsity assumption, which constrains the number of non-zero coefficients. We explicitly allow for non-gaussian regression errors.
The Moore-Penrose estimator was advocated in Wang and Leng (2015) to set up a variable screening technique. We extend their results by introducing a diagonal scaling matrix, which is essential to show that the bias from using an approximate inverse covariance matrix vanishes. Approximately unbiased estimates are directly obtained when the non-zero coefficients are all local-tozero. When some coefficients are large, the same results are obtained when the lasso is used to perform a bias-correction, as proposed in Zhang and Zhang (2014) ; Van de Geer et al. (2014) ; Javanmard and Montanari (2014) . The noise level of the estimator is shown to be of the familiar O(n −1/2 ). Second, we show that random least squares can improve upon the scaled Moore-Penrose estimator in terms of statistical power. We extend the results of Marzetta et al. (2011) and show that for a subspace dimension close to the number of observations, random least squares approximates the scaled Moore-Penrose estimator and yields valid confidence intervals. Under a suit-able choice of the random subspace dimension, the width of the confidence intervals of random least squares is at most as large as the width of the confidence intervals under the Moore-Penrose inverse.
Third, we show that the results remain valid for a ridge adjusted inverse instead of the Moore-Penrose inverse. A ridge based inverse covariance matrix was previously considered by Bühlmann et al. (2013) to construct conservative p-values, and by Wang and Leng (2015) to enhance variable screening efficiency.
The theoretical results are confirmed in a set of Monte Carlo experiments, in which we vary the specification of the covariance matrix, the amount of sparsity, and the signal strength. In line with the theoretical results, we find that even though the number of regressors is twice the number of observations, the coverage rates are close to the nominal rate of 95% for all settings under consideration. In general, the estimated values for the coefficients that are zero are very close to zero. The estimated values for the nonzero coefficients are slightly downward biased for random least squares and ridge regression, but more efficient in terms of standard errors and power, relative to the generalized inverse. The experiments confirm that for small values of the coefficients, a lasso bias correction is not needed.
We apply the methods to the FRED-QD, a quarterly dataset consisting of 254 macroeconomic and financial series of the United States economy, available from the second quarter of 1987. We analyze the relation between the real gross domestic product and the other variables provided in this dataset in a linear regression framework. Although the number of regressors largely exceeds the number of observations, our methods have enough power to distinguish significant effects from which the largest relate to the productivity and the number of hours worked in the business sector.
The outline of this paper is as follows. Section 2 sets up the general estimation approach and introduces our methods. The theoretical properties of the generalized inverse, ridge regression, and random least squares are derived and presented in Section 3. Section 4 illustrates these results through Monte Carlo simulations and Section 5 applies the methods on the FRED-QD dataset. Section 6 concludes.
Methods
This section outlines how to construct confidence intervals in a high-dimensional linear regression model, where the number of variable greatly exceeds the number of observations. For ease of exposition, all theoretical results are deferred to Section 3. We discuss three different methods for constructing confidence intervals. All methods are based on an approximate inverse for the singular covariance matrix in combination with a bias correction based on a suitable initial estimator. For the approximate inverse we consider (a) the Moore-Penrose pseudo inverse, (b) a novel method called random least squares, and (c) a ridge adjusted inverse. We take the lasso estimator as the initial estimator used for bias correction.
General Framework
Consider the data generating process
where y is an n × 1 response vector, X an n × p regressor matrix, and β = (β 1 , . . . , β p ) a p × 1 vector of unknown regressor coefficients. The empirical covariance matrix is denoted byΣ = 1 n X X. Define M as a p × n matrix and consider estimators for β of the form
The second term represents a bias, which arises if 1 n M is not an exact inverse for X.
When p < n, ordinary least squares yields unbiased estimates by choosing M =Σ −1 X . When p > n it is no longer possible to choose M such that the bias is identically zero. However, suppose we have an initial estimatorβ init , then we can adjust the bias in (2) aŝ
The initial estimator is taken to be the lasso estimator proposed by Tibshirani (1996) , with a cross-validated penalty term. The lasso estimator is very accurate, but its distribution is not tractable and hence there is no simple procedure to construct confidence intervals. The purpose of this paper is to introduce several choices for M that, in combination with an accurate initial estimatorβ init , yield a bias that vanishes compared to the noise. In addition, we show that for a broad class of distributions of the error term,
estimator of the noise level σ 2 is available, (1 − α) · 100% confidence intervals can be readily constructed as
where z α/2 is the α/2 critical value for the standard normal distribution,σ 2 is a consistent estimator of σ 2 , and m i the i-th row of M . A key element of the proposed methods is that the diagonal elements of 1 n M X − I can be set identical to zero by introducing a diagonal matrix D and taking
We now discuss three ways of constructing M that are all of the form defined in (5), withM chosen as: (a) the Moore-Penrose pseudoinverse, (b) random least squares: a novel technique to construct an approximate inverse based on low-dimensional projections of the regressor matrix X, or (c) the Moore-Penrose pseudoinverse adjusted by a ridge penalty term. The first method has the benefit of being completely tuning free. The last two methods can both be seen as a penalized form of the Moore-Penrose inverse and require a choice of the penalization strength.
Moore-Penrose pseudoinverse
The most simple choice forM is the Moore-Penrose pseudo inverse. When p < n, and the columns of X are independent, thenM = (X X) −1 X . In the high-dimensional setting where p > n, the matrix X has linearly dependent columns by default. By assumption, the rows of X are linearly independent, in which case the pseudo inverse equals X (XX ) −1 . The estimator we consider is therefore
where the elements of the diagonal scaling matrix
Random Least Squares
The Moore-Penrose pseudoinverse is a simple, yet noisy estimator. Therefore we consider more efficient ways to construct an approximate inverse covariance matrix. As a novel alternative to the pseudo inverse estimator, we propose the random least squares (RLS) estimator. This method is based on projecting the high-dimensional regressor matrix X onto a k < p dimensional subspace by post-multiplying with a p×k matrix R with independently standard normally distributed elements,
The idea behind the low-dimensional random projection is the following. Instead of considering the high-dimensional model in which all p regressors are included, we consider the low-dimensional model
Least squares estimation of γ R yieldŝ
which is related to the estimator of β based on a single realization of R by β R = Rγ R . Since R is random, relying on a single realization is suboptimal. Therefore we average over different realizations of R to arrive at an estimator of β,β
In the context of prediction, where one is interested in approximating Xβ, the accuracy of this estimator was investigated in Maillard and Munos (2009) and Kabán (2014) . From (11) it can be seen that random least squares uses a random construction method to obtain a regularized inverse covariance matrix M as
with
We will show in Section 3.3.2 that when the projection dimension k = n, then the expression in (12) reduces to the Moore-Penrose pseudoinverse.
Ridge regression
If the Moore-Penrose pseudoinverse is noisy, a well-known regularization method is to implement a ridge adjustment in which case
where γ denotes the ridge penalty and the elements of the diagonal scaling matrix D RI equal
As with random least squares, the regularization in (14) can be related to the Moore-Penrose pseudo inverse, since we can write
Consistent estimation of the noise level
A consistent estimator of the noise level σ 2 is obviously crucial to construct a confidence interval. Since the lasso estimatorβ lasso is a consistent estimator, it can be used to construct such a consistent estimator of σ 2 ,
whereŝ is the number of nonzero elements inβ lasso andε = y − Xβ lasso . This estimator is shown in Reid et al. (2013) to be more reliable than the frequently used scaled lasso by Sun and Zhang (2012) .
Theoretical results
This section derives the main results of the paper. Proofs to the theorems can be found in Appendix C. First, Section 3.1 provides the necessary assumptions on the regressor matrix and the coefficient vector. These assumptions guarantee that the bias correction by the initial estimator is effective when we use the lasso estimator. In addition, they are used to show that the proposed approximate inverses are sufficiently accurate. Section 3.2 uses these assumptions to present the main result of the paper.
The main results is Theorem 1, which states that approximating the high dimensional inverse covariance matrix with a scaled Moore-Penrose inverse, or regularizing with random least squares or ridge regression, results in estimators which are approximately normally distributed. From this theorem it follows that confidence intervals of coefficient estimates of these estimators can be constructed by standard procedures. Section 3.3 shows how we arrive at this results. Theorem 2 and 3 guarantee that the bias of the Moore Penrose estimator is small and vanishes compared to the variance. Similar results for random least squares are derived in Theorem 4. Another key result of the paper is presented in Section 3.4 by Theorem 5, which argues that for a particular choice of the diagonal scaling matrix, the width of the confidence intervals for random least squares is at most as large as the width of the confidence intervals under the Moore-Penrose inverse.
Assumptions
This section provides the assumptions from which we derive the theoretical results in the paper. First, we provide the necessary assumptions on the regressor matrix X, which parallel those in Fan and Lv (2008) and Wang and Leng (2015) Assumption 1 The regressor matrix X can be written as
where the rows of the n × p matrix Z are generated from a spherically symmetric distribution, V is an n × n orthogonal matrix, S is an n × p matrix of singular values, and U a p × p orthogonal matrix. Standard properties of these matrices can be found in Appendix A. The condition number of the population covariance matrix Σ is bounded by a constant, i.e.
Second, we impose an assumption on the number of non-zero coefficients ||β|| 0 = s 0 . For lasso consistency, one usually takes s 0 = o n log p . However, as noted in Van de Geer et al. (2014) and Javanmard and Montanari (2014) , the following, slightly stronger, assumption is needed when constructing confidence intervals Assumption 2 The sparsity satisfies s 0 = o √ n log p Third, Bühlmann et al. (2013) shows that Assumption 1 implies the compatibility condition, under which strong results on the l1 and l2 norm of the error of the lasso estimator compared to the true β are available. Assumption 3 When s 0 is the true set of non-zero coefficients, then the compatibility condition is satisfied for this set if
Under Assumption 3, the lasso estimator satisfies
Using this bound, we deduce in Section 3.3 the required accuracy of the approximate inverse in order for the bias to vanish.
Distribution of the estimators
This section presents the main result of the paper; the approximate distributions of the estimators discussed in Section 2. Define the following diagonal matrices
where R is a p × k matrix of independent standard normal entries. Furthermore, set the penalty parameters for respectively random least squares and the ridge adjusted inverse such that
where c is a positive constant. Now the following theorem holds.
Theorem 1 Consider the linear model in (1), and suppose Assumption 1 and Assumption 2 hold. Whenβ c is defined
with C = ( 1 n M X − I p )β lasso , and for the following choices of M and the relevant penalty parameter:
where R is a p × k * matrix with independent standard normal entries.
From Theorem 1 it follows that we can use the classical procedure to construct confidence intervals, given in (4).
Approximate inverse accuracy
This section provides details on how we arrive at Theorem 1. First we show which properties of the estimators need to be proven for Theorem 1 to hold. We show that it is sufficient for the approximate inverse to satisfy certain bounds. Second, we prove that these properties hold for each of the methods used to construct an approximate inverse. Proofs of the theorems can be found in Appendix C.
For notational purposes, we rewrite the estimator in (3) as
where
When ||∆|| ∞ = o(Z) for a specific construction method for M , the corrected estimator is approximately unbiased. Later in this section we will show that under each proposed specification for the approximate inverse M , we have that Z = O(1) under a wide class of distributions of ε. This implies that the bias term should satisfy ||∆|| ∞ = o(1). Since the bias ||∆|| ∞ can be decomposed as
it follows from Assumption 2 and (21) that the approximate inverse M is sufficiently accurate when
Note that if we are willing to assume that all coefficients are local-to-zero, i.e. max i=1,...,p β i = O n −1 log p , then no lasso correction term is needed. This might not be an unrealistic assumption when working with economic data, where effects are generally small.
The following paragraphs show for each proposed method that the bias term ∆ is small, and vanishes compared to the variance Z. In other words, we prove that (27) holds and Z = O(1).
Diagonally scaled Moore-Penrose inverse
The next theorem ensures that the bias of the scaled Moore-Penrose inverse estimator is small with high probability.
In addition to a small bias, we now need to show that the bias vanishes compared to the variance of the estimator. The following theorem guarantees that this is indeed the case under a wide class of distributions of the error term.
Theorem 3 The variance of each estimated coefficient satisfies
Furthermore, if the errors ε 1 , . . . , ε n are i.i.
Diagonally scaled random least squares
The key to the behavior of the regularized covariance matrix in random least squares, is the projection dimension k. The following theorem suggests a choice of k for which the bias remains small relative to the variance.
If we choose
withc as in Theorem 1. Furthermore
In the proof of Theorem 4, we show that when k is sufficiently close to n the regularized inverse approximates the Moore-Penrose inverse. The results from Section 3.3.1 can then be invoked to show that the bias of the random least squares estimator remains small. Note that to reduce the variance, we want to choose k as small as possible.
By drawing the entries of R from a standard normal distribution, the columns and rows of R are only orthogonal with high probability. One might wonder if the lack of exact orthogonality in the columns of R poses a problem for the proof of Theorem 4. Because of the following result this is not the case. Consider the QR decomposition R = QT where the columns of Q is a p × k matrix with orthogonal columns, and T is an invertible k × k matrix. Since T is invertible, we have the following equality
Because of this result, we can implicitly assume the columns of R to be orthogonal.
Diagonally scaled ridge adjustment
Because of the well known relation between the generalized inverse and ridge adjusted covariance matrices displayed in (16), intuition suggests that for a sufficiently small penalty parameter, the results under a Moore-Penrose inverse carry over to a ridge adjusted estimator. This is indeed the case under the penalty parameter as in Theorem 1. A proof is provided in the Appendix.
Power increase by regularization
This section presents the second main result of the paper, stating that the width of the confidence intervals for random least squares is at most as large as the width of the confidence intervals under the Moore-Penrose inverse.
Theorem 5 For the choice of k as in Theorem 3, we have for
Note that using D M P for the Moore-Penrose inverse and D RLS for the random least squares estimator yields valid confidence intervals, but no ordering in terms of power can be analytically obtained. However, in most cases we have encountered, the inequality in Theorem 5 is satisfied when using the diagonal matrix specific to the estimator under consideration.
Monte Carlo Experiments
We now examine the finite sample behaviour of the Moore-Penrose, random least squares, and ridge estimator in a Monte Carlo experiment.
Monte Carlo set-up
The data generating process takes the form
where y is a n × 1 response vector, X a n × p regressor matrix, and β a p × 1 vector of unknown regressor coefficients. The rows of X are fixed i.i.d. realizations from N p (0, Σ). We specify two different covariance matrices:
Toeplitz: Σ jk = 0.9 |j−k| , ∀j, k.
The strength of the individual predictors is considered local-to-zero by setting β = σ 2 ε /n · bι s for a fixed constant b. The vector ι s contains s randomly chosen non-zero elements that are equal to one. We refer to s as the sparsity of the coefficient vector. We vary the signal strength b and the sparsity s across different Monte Carlo experiments.
Results are based on 1,000 replications of the data generating process (36). In each replication the predictors in X and the coefficients in β are generated. The number of predictors is set equal to p = 200, which is much larger than the sample size n = 100. The different experiments vary over signal strength b, sparsity s, and covariance matrix Σ. We report average results for nonzero coefficients and zero coefficients.
We estimate the coefficients by the Moore-Penrose pseudoinverse, random least squares, and ridge estimator, which are corrected by a lasso estimator. In the random least squares estimator we average over N = 1000 realizations of the regularized covariance matrix with subspace dimension k = 90. We set the penalty parameter in the lasso estimator as the penalty parameter corresponding to the lowest mean squared error over a grid of one hundred values. We compare the performance of the random least squares estimator against ridge regression with a penalty parameter equal to 1/n as in Bühlmann and Van De Geer (2011) . Table 1 shows the Monte Carlo simulation results for the set of experiments with an equicorrelated covariance matrix and Table 2 with a Toeplitz covariance matrix. The tables report the estimated coefficients, standard errors, coverage rates, and power of the Pseudo Inverse, Random Least Squares, and Ridge Regression. Settings vary over the number (s = 3, 15) and signal strength (b = 2, 5, which corresponds to coefficients of size 0.5 and 0.2 respectively) of nonzero coefficients.
Simulation Results
We find a downward bias for the nonzero coefficients for all methods in all settings under consideration. This bias is attenuated when we remove the bias correction with the lasso estimator. The bias decreases in sparsity, which means that nonzero coefficients are more precisely estimated when there are relatively few of them. Compared to the benchmark models, random least squares seems to estimate slightly more biased coefficients. For all methods, the coefficients which are set to zero in the data generating process are estimated very close to zero.
Random least squares produces the most efficient estimates relative to ridge regression and pseudo-inverse regression. Standard errors of the random least squares estimates are lower than the benchmark models in all experiments, where ridge is again a more efficient estimator relative to the pseudo-inverse. The same ordering holds for the power, for which random least squares also performs best and the pseudo-inverse worst. The highest power is achieved in a sparse setting with a strong signal strength.
The considered methods obtain a coverage rate close to the nominal rate of 95%. In case of the equicorrelated covariance matrix, the coverage rate increases with sparsity for the nonzero coefficients and decreases with sparsity for the zero coefficients. These relations seem only to hold for a strong signal in case of the Toeplitz covariance matrix. In general, the quality of the results seem to deteroriate when the data is generated using a Toeplitz instead of a equicorrelated covariance matrix. The bias and standard errors increase, while the power declines. In Section 2 we note that when the effects of regressors on the variable of interest are small, no lasso correction term is needed. To examine the effect of the correction term on the estimation results, we compare the bias corrected simulation results in Tables 1 and 2 with uncorrected results in Appendix D. In general, we find again that bias decreases in sparsity and random least squares seem to be more biased than the benchmark models. However, except for high sparsity and a weak signal, the uncorrected estimates have an upward bias for the nonzero coefficients. This upward bias seems smaller than the downward bias found for the lasso corrected estimates, but the estimated coefficients for the zero coefficients are less precise. Due to the smaller bias, power increases, where the coverage rates are less close to the nominal value. In contrast to corrected results, the coverage rates increase in sparsity and decrease with signal strength. In sum, we find that even in small samples with high dimensional regressor matrix, the three proposed estimators in this paper provide valid confidence intervals with coverage rates very close to the norminal value of 95%. Moreover, the simulation results seem to confirm the theoretical result that random least squares improves in efficiency relative to the Moore-Penrose estimator. We find a small downward bias in the coefficient estimates of the estimators. However, the estimation results with no lasso correction term are less biased in the considered experiments and achieve higher power. This is even the case for b = 5 which corresponds with β i = 0.5 σ log p n = 0.231. However, the increase in power comes at the cost of smaller coverage rates and a potential less severe but upward bias.
Empirical Application
This section applies the proposed estimators to a macroeconomic dataset. We examine the relation between a large number of macroeconomic and financial indicators and the real gross domestic product of the U.S. economy.
Data
We use the FRED-QD database consisting of 254 quarterly macroeconomic and financial series running from the second quarter of 1987 through the third quarter of 2015. Less variables are available before this time period and because records of the variables with FRED mnemonic SPCS20RSA, ACOGNOx, and EXUSEU have a later starting point, we exclude these variables from our analysis. The data can be grouped in fourteen different categories: national income and product accounts (1), industrial production (2), employment and unemployment (3), housing (4), inventories, orders, and sales (5), prices (6), earnings and productivity (7), interest rates (8), money and credit (9), household balance sheets (10), exchange rates (11), other (12), stock markets (13) and non-household balance sheets (14). The data is available from the website of the Federal Reserve Bank of St. Louis, together with code for transforming the series to render them stationary and to remove severe outliers. The data and transformations are described in detail by McCracken and Ng (2016) . After transformation, we find a small number of missing values, which are recursively replaced by the value in the previous time period of that variable. Finally, we subtract the mean of each variable and divide the variables by their standard deviation.
Regression
The coefficients β are estimated in the regression equation
where y equals the real gross domestic product of the U.S. economy (FRED mnemonic GDPC96), Z includes an intercept along with four lags of the quarterly dependent variable y, and X consists of the remaining variables in the database which are not in the same group as y. Since we are only interested in the macroeconomic relations in β, we partial out the variables in Z before estimating β. After intialization and the loss in degrees of freedom by partialling out Z, we are left with n = 105 observations. When estimating by random least squares, we choose the subspace dimension k = 95 and N = 1000 realizations of the regularized covariance matrix. The penalty parameter in the lasso estimator for the lasso correction corresponds to the lowest mean squared error over a grid of one hundred values, and the penalty parameter in ridge regression is equal to 1/n. Table 3 shows the estimated coefficients and standard errors which are significantly different from zero on a five percent significance level in the regression of the economic indicators on the real gross domestic product. In general, random least squares estimates lower standard errors compared to the benchmark methods. Ridge regression finds 11 out of the 231 coefficients to be significant, which is slightly higher for random least squares with 13 coefficients. Ridge regression differs only for three variables with random least squares. The Pseudo-inverse regression estimates only 2 coefficients to be significant, which corresponds to the theoretical finding that the random least squares and ridge estimators are more efficient in terms of statistical power compared to the Moore-Penrose estimator. We find that employment and productivity have the largest effect on real gross domestic product. Hours of all persons worked in the business sector (HOABS), real output per hour of all persons in the business sector (OPHBS), and hours of all persons worked in the nonfarm business sector (HOANBS) have large positive coefficients of respectively 0.759, 0.162, and 0.752 for random least squares. The descriptions of the other variables can be found in Appendix E. Figure 1 shows that except for these three variables concerning employment and earnings, all coefficients are close to zero. We do not find any significant effect of variables in the categories housing (4), prices (6), household balance sheets (10), and exchange rates (11). Random least squares finds two significant negative effects on the real gross domestic product; all employees in wholesale trade (USWTRADE) and the total public debt as percent of GDP (GFDEGDQ188S). Ridge regression only finds a significant negative effect for the public debt. The negative effect assigned to the number of employees in wholesale trade is remarkable, but note that employment also effects GDP positively via HOABS and HOANBS, which makes the net effect of employment on real GDP positive.
Empirical Results

Conclusion
This paper proposes three novel methods for constructing confidence intervals in high-dimensional linear regression models, where the number of unknown coefficients are allowed to increase almost exponentially with the number of observations. We approximate the inverse covariance matrix by a MoorePenrose pseudo-inverse, random least squares, or a ridge regularization. We prove that these estimators, after a diagonal scaling and a lasso bias correction, are approximately normally distributed. From this result follows that confidence intervals of coefficient estimates can be constructed using standard procedures. Another key result of the paper is that the regularization by random least squares and ridge result in confidence intervals that are smaller than those obtained under the Moore-Penrose inverse.
Monte Carlo experiments show that, even in small samples with high dimensional regressor matrix, the proposed estimators indeed provide valid confidence intervals with coverage rates very close to the norminal value of 95%. Moreover, the simulation results seem to confirm that random least squares and ridge improve in efficiency relative to the Moore-Penrose estimator. The empirical application provides similar findings. In a highdimensional regression of macroeconomic and financial indicators on the real gross domestic product of the United States economy, the Pseudo-inverse regression estimates only 2 coefficients to be significant. However, the more efficient estimators random least squares and ridge regression find respectively 13 and 11 out of the 231 coefficients to be significant.
A Assumptions on the regressor matrix
Denote by O(p) the group of p×p orthogonal matrices. We introduce a matrix Z with rows that are generated from a spherically symmetric distribution, that is Z
Then Z can be decomposed by a singular value decomposition as
where V ∈ O(n), S is a n × p matrix of singular values and U ∈ O(p). Since Z is invariant under right multiplication with an orthogonal matrix, U is uniformly distributed on O(p). The matrix of singular values S contains at most n non-zero singular values located on the diagonal of the left n × n block of S. Therefore, an equivalent expression to (41) is
where S n is an n×n matrix with the non-zero singular values on its diagonal, and U n is a p × n matrix that satisfies
Since U is uniformly distributed over O p , it follows (Fan and Lv, 2008 ) that U n is uniformly distributed over the Stiefel manifold V n,p defined as
B Auxiliary definitions and lemma's Definition 1 (Matrix Angular Gaussian Distribution, Chikuse (1990) ) Suppose the entries of a p × n matrix Z are standard normal and independently distributed. Define
This distribution is called the matrix angular Gaussian distribution with paramater Σ defined on the Stiefel manifold V n,p and denoted as M ACG(Σ).
Lemma 1 (Reduction to standard normal random variables) Define Z as a p × n matrix with independent standard normal entries. For any matrix U n that is distributed uniformly over V n,p , we have that (Chikuse (2012) , page 29)
Lemma 2 (Manifold decomposition, Chikuse (2012)) Let H be a p × n random matrix on the Stiefel manifold V n,p , which is decomposed as
where h 1 is a p × 1 vector and H 2 is a p × n − 1 matrix. Then we can write
As H 2 takes values in V n−1,p , T takes values in V 1,p−n+1 and the relationship is one-to-one.
Lemma 3 (Wang and Leng (2015)) Let H be a p × n random matrix on the Stiefel manifold V n,p , which follows the Matrix Angular Central Gaussian (MACG) distribution with covariance matrix Σ. After decomposing the Stiefel manifold H = (G(H 2 )T, H 2 ), with T a (p − n + 1) × 1 and H 2 a p × (n − 1) matrix, we have
As G(H 2 )T is simply a linear transformation of T , if we definẽ
then we also have
This implies that if h 1 = (h 11 , . . . , h p1 ) , then
where z ∼ N (0,Σ)
Lemma 4 (Fan and Lv (2008) ; Wang and Leng (2015) ) Define e i as a standard basis vector with its i-th entry equal to 1 and all others equal to zero. Note that e 1 HH e 2 = e 1 HQQ H e 2 , Q ∈ O(n)
Now define Q ∈ O(n − 1) andQ = 1 0 1×n−1 0 n−1×1 Q and choose Q such that it rotates H →H = HQ into a frame where e 1H = [h 11 , 0 1×n−1 . In terms of the rotated frame, we have e 1 HH e 2 = e 1HH e 2 =h 11h12 (54) (56)
Lemma 5 (Berstein's inequality) We will use the following identity on the sum of independent χ 2 (1) variables
C Proofs
C.1 Proof of Theorem 1
Using (41) we have that
By Lemma 1, we can write
with the elements of Z standard normal and independently distributed. This implies
where we defined H = Σ 1/2 Z(Z ΣZ) −1/2 . We will separately bound the diagonal and off-diagonal elements of HH . The proof follows the approach by Wang and Leng (2015) , with the exception of the diagonal scaling matrix that we apply.
Diagonal terms of HH The diagonal elements of HH are themselves not of particular interest, as we choose the diagonal matrix D such that the diagonal elements of 1 n M X are all equal to one. However, to bound the off-diagonal elements, we nevertheless also require a bound on the diagonal elements of HH . We first construct bounds under the assumption that Σ = I p . In a second step, we connect the more general case Σ = I p to these bounds.
If Σ = I p , then each element of H is distributed as
Define e i the unit vector with its i-th element equal to 1 and all others equal to zero, then
Using now the Bernstein inequality for χ 2 random variables, (57), we have the following upper bound with high probability
where the last line holds because p > n. In a similar fashion we establish a lower bound
Using Bonferonni's inequality this yields
with c = 1+ 1− > 1. We will now use these results to establish a bound when Σ = I. The diagonal terms are easily bounded by the l 2 norm of H , which satisfies
where the condition number κ =
= QU n with Q ∈ O(p), upon choosing Q such that Qv = e 1 , we immediately obtain P e 1 HH e 1 > cκ n p ∪ e 1 HH e 1 < 1 cκ
with c = . . Conditioning on these three cases and using the trivial fact that for any probability P (·) ≤ 1, it follows that 
Off-diagonal elements
In which case e 1 HH e 2 | e 1 HH e 1 = t 2 1
Then after rewriting we have
where (y 2 , . . . , y p ) ∼ N (0,Σ). Now we establish the following upper bound P |e 1 HH e 2 | e 1 HH e 1 > t h
Standard bounds on normal and χ 2 distributed variables can be applied, and furthermore using the fact thatỹ has a rank p − n degenerate covariance matrix, we have
C.2 Proof of Theorem 2
For all the estimators we should have 1
Following the proof by Wang and Leng (2015) , with in addition the diagonal scaling matrix D, we denote the individual error terms of the estimator of β i as
We first bound the norm term
And
The eigenvalues of XX = ZΣZ can be bounded
For spherically symmetric Z, the results in Vershynin (2010) give
Finally, using the previously established bounds
we have that with high probability
We now turn to the second term of (83)
. . a in ). Then we can write
Define
Then if u 1 , . . . , u n are independent and identically distributed centered subexponential random variable with
This implies Lindebergs's condition
So that as n → ∞
From which we conclude two things. First, η i = O(1), so the error term is indeed larger than the bias. And second, the construction of the confidence intervals is valid under a wide class of distributions of the error ε i .
C.3 Proof of Theorem 3
A convenient property of the inverse covariance matrix in (12) is that the eigenvectors of 1 n X X =ÛΛÛ are maintained (Marzetta et al. (2011) )
where Φ =Û R
with L a diagonal matrix with the following elements on the diagonal
Since µ i is a quadratic form, we have
Random Least Squares can therefore been seen as a generalized form of ridge regression which shrinks each singular value of X with a specific factor. In light of the results for the Moore-Penrose inverse, one expects that the random least squares estimator can be used to construct valid confidence intervals if µ i is sufficiently large. We therefore need to establish if there exists a choice of k for which this is the case. In order to do so, we use the following identity (Marzetta et al. (2011) 
with Ψ is a p × n − k matrix with independent standard normal entries. The matrix in (102) is diagonal, as can be seen by verifying that for a unitary diagonal matrix Ω, we have
using that ΩΨ (99) to evaluate the diagonal elements (102), we obtain
Now we can use Jensen's inequality and the fact that x/(1 + x) with x > 0 is a concave function to show that
whereκ =λ
, then we have
showing that we can use k slightly lower than n. Under the suggested choice for k, we have
Equation (108) 
And since A 2 is a diagonal matrix with the diagonal elements satisfying 0 ≤ A 2 ii ≤ 1, the claim in Theorem 4 follows.
C.5 Validity of the ridge adjusted inverse
The proof relies on the results in Wang and Leng (2015) , with some necessary adjustments.
First note that (X X + γI p ) −1 X X = X (XX + γI n ) −1 X. Then we analyze first the bias term
Substituting X = V SU Σ 1/2 and using a von Neumann expansion of the inverse, Wang and Leng (2015) obtain X (XX + γI n )X = HH + E
where HH = X (XX ) −1 X and E is a matrix that satisfies
with C,C > 0. Then, choosing γ small enough pushes E towards zero. If
then by the same arguments as for random least squares, the results obtained using the Moore-Penrose pseudo-inverse carry over. Now λ max (HH ) = O n p , so we should choose γ such that
Noting that p Cγ, gives
Under this choice the variance of the estimator also remains finite. Table 3 .
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